To my father, L. Clemente, my mother, V. Alonso, and to all women of mathematics.
Introduction
We start by giving a few basic graph theoretical definitions. We refer the reader to [10] for any notions we use but do not define, and for the more detailed treatment of related ideas.
Throughout, we assume that graphs are simple, connected, and undirected. A graph is a set of vertices V (G) and edges E(G) with specified connectivity relations. We usually write G = (V (G), E(G)) for a graph and vw for the edge connecting the vertices v and w. Also, we say that the order of G is |V (G)| and that two vertices v and w are adjacent if there is an edge between them.
Let I ⊆ V (G). The neighborhood of I, denoted by N (I), is the set of all vertices that are adjacent to any vertex in I. The closed neighborhood of I is N [I] = N (I) ∪ I. When I = {v}, we write N (v) and N [v] . The degree of a vertex v is deg(v) = |N (v)|. A complete graph of order n, K n , is such that the degree of each of its vertices is n − 1.
A subgraph of a graph G = (V 1 , E 1 ) is a graph H = (V 2 , E 2 ) with V 2 ⊆ V 1 and E 2 ⊆ E 1 . The subgraph of G induced by X ⊂ V (G) is G(X), and we say that X is a clique if G(X) = K |X| . A clique of G is maximal if it is not properly contained in any other clique of G. A graph is chordal if it has no induced cycles of length at least 4. A more thorough introduction to these ideas can be found in [8] .
For conciseness, we write N ≤a for [1, a] ∩ N, and N ≥a for [a, ∞) ∩ N.
Our results rely heavily on the definitions that follow.
Definition 1. Let G be a graph and L ⊂ V (G).
The set L is independent if no two vertices in L are adjacent. If L is not properly contained in any independent set of G, then we say that L is a maximal independent set ( MIS) of G.
Definition 2. Let F be a field and G be a graph.
(1) A weighting of G is a map f : V (G) → F. If a weighting f is such that
is constant for every MIS M of G, then f is said to be a well-covered weighting of G. (2) The vector space (over F) of all well-covered weightings of G, which we designate with V, is called the well-covered space of G. (3) The well-covered dimension of G over F is wcdim(G, F) = dim F (V).
The well-covered dimension of any graph is, clearly, at most its order, as remarked in [4] .
Remark 1.
There are graphs whose well-covered dimension depends on the characteristic of the field F (see [2] and [1] ). The graphs we study in this article have well-covered dimension independent of field characteristic. Hence, we omit explicit reference to F and write wcdim(G) instead of wcdim(G, F).
Definition 3. Let G be a graph.
(
is the set of all simplicial cliques of G and sc(G) := |C(G)|. We say that sc(G) is the simplicial clique number of G and we denote the i-th member of C(G) by C i . (4) A clique covering of G is a family of cliques whose union is V (G).
The notions of well-covered weighting and well-covered space of a graph originate from the concept of well-coveredness of a graph. Well-covered graphs were first studied by Plummer (see [6] and [7] ). These graphs have the property that all of their MIS s have equal cardinality. The notion of well-coveredness of graphs may be stated in terms of weights of vertices, as noted in [3] . Let f :
It is now possible to ask the following central question: given a graph G, what properties need a weighting of G, f , have in order for v∈M f (v) to be constant, for any MIS M of G? In other words, what do the well-covered weightings of G look like? This problem was first posed in [3] , where the authors observed that the well-covered space of any graph is non-empty, for the zero-function is a trivial well-covered weighting of any graph. But they also observed that only some graphs have well-covered weightings other than the zero-function. Examples of graphs with unique well-covered weighting the zero-function are cycles of length al least 8, which are studied in detail in [1] . Thus, a graph that is not well-covered can be made well-covered in terms of its vertex weights via a well-covered weighting.
The notions of well-covered space and well-covered dimension have been studied in the more general setting of hypergraphs H, and weightings whose domain need not be V (H) (see [4] ).
Brown and Nowakowski [2] proved that for any graph G, wcdim(G) ≥ sc(G), and that equality holds if G is chordal. Thus, chordal graphs have minimal wellcovered dimension. In the following sections, we show that there is a large family of graphs with minimal well-covered dimension (just like chordal graphs). This family contains the class of chordal graphs properly, and thus generalizes Brown and Nowakowski's result.
The well-covered dimension of simplicial clique covered graphs
In this section we investigate a class of graphs that overlaps, but is not identical to, the class of chordal graphs. Our goal is to prove that the well-covered dimension of a graph in this class is equal to its simplicial clique number.
Definition 4.
A graph G is a simplicial clique covered graph ( SCCG) if C(G) = ∅ and C(G) is a clique covering of G.
We now we present some technical definitions and notation.
Definition 5. Let G be a SCCG.
(1) The connection set, W, of G is the set of vertices of G that belong to, at least, two simplicial cliques of G. (2) When w ∈ W we say that w is a connection vertex of G.
Definition 6. Let G be a SCCG and let W be a connection set of G.
(1) T = {I 1 , . . . , I M } is the family of all subsets of W that are independent sets of G. 
may not be unique. However, Corollary 1 (page 5) shows that sc(G) is uniquely determined for every G.
Our first result is a classification of the MIS s of any SCCG. We shall soon see that MIS s reveal much about well-covered spaces and their dimension.
′ , where I m ∈ T , and M ′ consists of one simplicial vertex per C i ∈ S(I m ).
Proof. Assume that M is not as in (1) . Then, M ∩ W = ∅, and thus M ∩ W = I m , for some I m ∈ T .
If M − I m = ∅, then I m ∈ I, and thus (see Remark 2) M is as in (2) with
′ must be simplicial and non-adjacent to vertices in I m . Thus, M is as in (2) .
With all notation in place and with the help of Theorem 1, it is possible to count the MIS s of any SCCG.
Theorem 2. Let G be a SCCG. Then, G has exactly
Proof. By Theorem 1, each MIS of G takes one of two forms. Let M be a MIS of G.
Suppose that M is of form (1) in Theorem 1. Then, each v i ∈ M is exactly one out of the |C i − W i | simplicial vertices of C i ∈ C(G). Hence, there are
Suppose that M is of form (2) in Theorem 1 and that G has exactly M independent sets I m . Since each v i ∈ M − I m can be exactly one out of the
Observe that
vanishes for any I m ∈ I because S(I m ) = ∅. Thus, we must add |I| MIS s, and then the result follows.
Next, we look at the defining properties of well-covered weightings of SCCGs.
Lemma 1. Let G be a SCCG. Let W be a connection set and f be a well-covered weighting of G. Then, f is constant on
Proof. Let F be a field and let f : V (G) → F be a well-covered weighting of G.
Pick an arbitrary C i ∈ C(G). By (1) of Theorem 1 together with Theorem 2, we can find |C i − W i | MIS s of G of cardinality sc(G) that have sc(G) − 1 vertices in common and as the sc(G)-th vertex, a distinct v i ∈ C i − W i . Then, all of the vertices in C i − W i have the same weight under f . Since C i was chosen arbitrarily, the result follows.
Lemma 2. Let G be a SCCG. Let W be a connection set and f be a well-covered weighting of G. For any w ∈ W,
where the sum is taken over a set of simplicial vertices, each of which belongs to a distinct C i ∈ S({w}).
Proof. Let w ∈ W and let I m = {w}. For any i ∈ N ≤sc(G) , let u i and v i be simplicial vertices of G such that each u i belongs to a distinct C i ∈ S(I m ) and each v i belongs to a distinct C i ∈ S(I m ). Consider a set M = I m ∪ {u 1 , . . . , u sm } and a set {v 1 , . . . , v sc(G)−sm }. Note that M is of form (2) in Theorem 1 and (1) in Theorem 1. It follows that
where each v in the sum is simplicial and belongs to a distinct C i ∈ S({w}).
Remark 3. When needed, we use the following notation for vectors in F n .
(a
We identify each well-covered weighting of G with an n-tuple
We call the vector space of all such n-tuples V. It is clear that wcdim(G) = dim(V).
Let W be a connection set of G.
Then, using Lemma 1, any vector x ∈ V may be expressed as
where we have placed the weights of the connection vertices of G first. Now we can use Lemma 2 to get that the first l components of x are linear combinations of the a i 's. It follows that every x ∈ V can be written as a linear combination of at most sc(G) linearly independent vectors. This means that wcdim(G) ≤ sc(G). Since we already knew that wcdim(G) ≥ sc(G), for any graph G, we obtain the main theorem of this section, which is stated below.
Below is the promised corollary on the uniqueness of sc(G).
Proof. Firstly, note that the techniques used so far are not affected by the characteristic of the field of scalars of V. It follows that the well-covered dimension of G is well-defined. The result now follows from Theorem 3, as wcdim(G) = sc(G) is uniquely determined.
We now give some examples of applications of Theorem 3. Example 1. Consider the graph G given by
A SCCG with sc(G) = 3 and empty connection set.
A basis for the well-covered space of G is
using Lemma 1, and hence wcdim(G) = 3. This is consistent with the result we would have obtained had we used Theorem 3.
Problems may arise if a SGGC, G, were presented in some unrecognizable form. In that case, the problem of finding the well-covered dimension of G is comparable to the problem of finding a minimum clique cover of G.
Let G be a SCCG with sc(G) = k, for some k ∈ N, and let C i ∈ C(G). Observe that the well-covered dimension of G does not depend on |C i |. Informally speaking, if we let |C i | → ∞, the well-covered dimension G is still k. Figure 2 is a SCCG with simplicial clique number 2. So the well-covered dimension of each of these graphs is 2, although the set of simplicial cliques is distinct in each case.
Example 2. Each graph in
. . . Thus, there is an infinite number of SCCGs with well-covered dimension any positive integer.
There are other ways of obtaining a family of SCCGs with some desired wellcovered dimension. In particular, if we add or remove edges between vertices of a given SCCG, making sure that we do not create or delete a simplicial clique, we obtain a family of SCCGs with the same well-covered dimension. However, this resulting family might not be infinite.
Example 3. Consider the following SCCG.
For this particular graph, we may obtain only finitely many SCCGs by removing and adding edges. Examples of these graphs are illustrated below.
All of these graphs have well-covered dimension 2 and the same set of simplicial cliques.
The well-covered dimension of simplicial clique sums
In this section, we obtain a class of graphs, with well-covered dimension equal to their simplicial clique number, that contains both chordal graphs and SCCGs.
Definition 7. Let G 1 and G 2 be graphs such that C(G 1 ) and C(G 2 ) are non-empty. We say that G is the simplicial clique sum ( SCS) of G 1 and G 2 if
Let G 1 be K n and let G 2 be such that V (K n ) ∈ C(G 2 ) in Definition 7. It is a remarkable fact that G 2 is the SCS of G 1 and G 2 . This allows us to appreciate SCCGs (or chordal graphs) as SCSs of a SCCG (or chordal graph) and a complete graph. We can infer that the SCS class contains all chordal graphs, all SCCGs, and some other graphs. Figure 3 is an example of the SCS of a SCCG that is not chordal and a chordal graph that is not a SCCG. Next, is our main result on maximal independent sets of SCS s. 
Moreover, every set of this form must be a MIS of G.
Proof. This proof consists of two parts: (I) verifying that M 1 ∪ M 2 is a MIS of G and (II) showing that G has no MIS that are not of this form.
(I) Suppose that
, for some u, w ∈ M 1 or uw ∈ E(G 2 ), for some u, w ∈ M 2 , contradicts our assumption of M 1 and M 2 being MIS s of G 1 and G 2 , respectively. That
. Without loss of generality, suppose that u ∈ M 1 − M 2 , w ∈ M 2 and uw ∈ E(G). Observe that either w ∈ M 1 ∩ M 2 or w ∈ M 2 − M 1 , and we have already considered these cases. Finally, note that u, w / ∈ M 1 ∩ M 2 because we are assuming that
But that x ∈ V (G 1 ) and that M 1 ∪ {x} is independent, implies that M 1 is not a MIS of G 1 , contrary to our assumptions. Hence, M 1 ∪ M 2 must be a MIS of G. (II) Any MIS of G must contain vertices of G 1 and G 2 . Thus, it is always possible to write M = I 1 ∪ I 2 , where I 1 ⊂ V (G 1 ) and I 2 ⊂ V (G 2 ) are non-empty. Note that it could happen that
Suppose that M = I 1 ∪ I 2 is a MIS of G, where either I 1 is not a MIS of G 1 or I 2 is not a MIS of G 2 . Clearly, if I 1 or I 2 is a dependent set, then so is I 1 ∪ I 2 . Without loss of generality, let I 1 be independent but not maximal in G 1 . Then, for some y ∈ V (G 1 ), I 1 ∪ {y} is independent. If I 2 ∪ {y} is independent, then (I 1 ∪ I 2 ) ∪ {y} is an independent set of G, a contradiction. The same argument can be used to show that I 2 must be a MIS of G 2 .
It remains to show that I 1 and I 2 intersect at exactly one vertex from V (G 1 ) ∩ V (G 2 ). Observe that M = I 1 ∪ I 2 can contain at most one vertex from V (G 1 )∩V (G 2 ), since any two vertices in this set are adjacent. Observe too that if M contains no vertex from
This completes the proof of our theorem.
Corollary 2. Let G be the SCS of G 1 and G 2 , and let c = |V Theorem 5. Let G be the SCS of G 1 and G 2 . Then,
Proof. Let V be the well-covered space of G and let f ∈ V. Define W G1 to be the vector space of all f with domain restricted to V (G 1 ) and define W G2 similarly.
Let M be a MIS of G. We know what M looks like, by Theorem 4, namely M = I 1 ∪I 2 . Let h ∈ W G1 and g ∈ W G2 . Observe that h+g ∈ V and f ∈ W G1 +W G2 because
is the set of all f that are zero everywhere, except at V (G 1 ) ∩ V (G 2 ), where they are constant. Hence, dim(V) = dim(W G1 ) + dim(W G2 ) − 1, and the result follows.
Now we are finally able to state, and prove, our result generalizing Brown and Nowakowski's result on the well-covered dimension of chordal graphs.
Theorem 6. Let G be the SCS of G 1 , a SCCG, and G 2 , a chordal graph. Then, wcdim(G) = sc(G).
Proof. By Theorem 5, wcdim(G)
The question is now whether there are any graphs that have minimal well-covered dimension and are not SCS graphs. In order to answer this question, we turn to the study of the well-covered dimension of Sierpinski gasket graphs, of which there are infinitely many. The Sierpinski gasket graphs are not part of the family of graphs to which Theorem 6 applies. In spite of this, all Sierpinski gasket graphs have well-covered dimension the simplicial clique number.
The well-covered dimension of Sierpinski gasket graphs
In this section, we study the well-covered dimension of the Sierpinski gasket graph, which we denote by S n , for any n ∈ N. The Sierpinski gasket graph is constructed recursively, in the same way the Sierpinski gasket is constructed. From this recursive construction, it follows that S n has all of its predecessors as subgraphs. Further, if S k is a predecessor of S n , then we can cover S n with S k subgraphs. That is, if we look at the vertex sets and edge sets of all S k subgraphs of S n , we find that they form covers of V (S n ) and E(S n ), respectively. In Figure  5 , we show how the vertex and edge sets of all S 2 subgraphs of S 3 form covers of V (S 3 ) and E(S 3 ), respectively. The black vertices are shared between two S 2 subgraphs of S 3 . For more information on Sierpinski graphs we refer the reader to [5] . From Figure 4 , it should be clear that S 1 is a K 3 and that S 2 is both a SCCG and a chordal graph. Hence, wcdim(S 1 ) = 1 and wcdim(S 2 ) = sc(S 2 ) = 3. However, for n ∈ N ≥3 , S n is not a SCCG, not a chordal graph, and not a SCS. All we know, for n ∈ N ≥3 , is that wcdim(S n ) ≥ 3.
(see [9] ). For any n ∈ N ≥3 , V (S n ) − 3 i=1 C i is the set of all vertices that do not belong to a simplicial clique of S n . Note that Moreover, if w ∈ V (S n ) is non-simplicial, then deg(w) = 4. Otherwise, w ∈ V (S n ) is simplicial and deg(w) = 2. In the figure below, we show the simplicial vertices of S 1 , S 2 and S 3 in red, the neighborhood of a simplicial vertex in blue, and that of a non-simplicial vertex in green. Before delving into our study of the well-covered dimension of S n , for n ∈ N ≥3 , we remark that our techniques are as visual as they are technical. We accompany the majority of our technical developments with pictures, and we encourage the reader to follow these pictures closely.
Let n ∈ N ≥3 . We claim that we can cover V (S n ) with pairs of adjacent vertices that are, in turn, adjacent to a unique third vertex of S n . We call these pairs of vertices triangular. So our claim is that we can cover V (S n ) with triangular pairs of vertices. The next figure illustrates several triangular pairs of S 4 in blue, with the unique vertex to which each pair is adjacent, in red. We proceed to justifying our claim and momentarily focus on S 2 . Note that we can cover V (S 2 ) with triangular pairs and that the edges between the vertices from each of these pairs trace a connected subgraph of S 2 . More precisely, these edges trace a cycle on 6 vertices, C 6 . We call this connected subgraph of S 2 the associated C 6 of S 2 , or the associated C 6 , for short. Figure 9 . The associated C 6 of S 2 .
Every pair of adjacent vertices in the associated C 6 is triangular. However, S 2 has three pairs of adjacent vertices that are non-triangular. In the next figure, we illustrate these pairs and the edges between the vertices from each pair. Since n ∈ N ≥3 , recall that S n can be covered with S 2 subgraphs (see Figure 5 for an example). That is, the vertex and edge sets of all S 2 subgraphs of S n form covers of V (S n ) and E(S n ), respectively.
If we neglect the edges that pertain to the non-triangular pairs of each S 2 subgraph of S n (see Figure 10) , we obtain a subgraph of S n that is illustrated below. We call this subgraph of S n the many − C 6 subgraph. Figure 11 . M any − C 6 subgraph of S n .
The vertices that connect distinct S 2 subgraphs of S n are the same vertices that connect distinct C 6 subgraphs in the many − C 6 subgraph of S n . Since C 6 is connected, every C 6 subgraph in the many − C 6 subgraph of S n is connected. But since S n is connected, the many − C 6 subgraph of S n is connected.
Furthermore, since every pair of adjacent vertices of every associated C 6 of S 2 is triangular, every pair of adjacent vertices of the many − C 6 subgraph of S n is triangular. Thus, the pairs of adjacent vertices of any u, v-path that overlaps with the many − C 6 subgraph of S n are triangular.
Let K be a subgraph of the many − C 6 subgraph of S n . It is always the case that each pair of adjacent vertices of K is triangular. We are interested in a many − C 6 subgraph that contains exactly the vertices from V (S n ) − y x Figure 12 . M any − C 6 subgraph and path.
We now prove that if u and v belong to a triangular pair, they are related. In doing so, we prove that any well-covered weighting of S n is constant on
Suppose that u and v belong to the same triangular pair. Recall the notation for induced subgraph; the subgraph induced by X ⊂ V (S n ) is S n (X). We need an independent set of S n , whose union with u or v is a MIS of S n . In fact, what we really need is a MIS Q of Thus, all that is left for us to show is that the sets Q and T always exist. Lemma 3. Let n ∈ N ≥3 and f be a well-covered weighting of S n . Then, f is constant on
We can view S n , for any n ∈ N ≥3 , as having corners that are S 3 subgraphs of S n . Of course, S 3 is its own corner and for n ∈ N ≥4 , the three S 3 corners of S n are indistinguishable. Below is a depiction of the S 3 corners of S 4 , where each black vertex is shared between two S 3 corners. We isolate one of the S 3 corners of S n and study some relevant vertex subsets of this corner. We then study the S 2 subgraph of this corner that contains the simplicial vertex, labeled with s in the figure that follows. The following maximal independent sets of S 2 from Figure 18 are of particular importance:
(1) Figure 17 ) and observe that for any i ∈ N ≤4 , Z ∪ M i is a MIS of that S 3 corner. Each of these MIS s is shown in the figure below.
Pick a MIS N of S n (V (S n )−V (S 2 )) that contains Z. Such a MIS N is the result of growing Z into a MIS of S n (V (S n )−V (S 2 )), via a greedy algorithm. Observe that N ∪ M 1 , N ∪ M 3 , and N ∪ M 4 are MIS s of S n . Let f be a well-covered weighting of S n . By Lemma 3, f (y 1 ) = f (y 2 ) = f (y 3 ), so that f (s) = f (x 1 ) = f (x 2 ), where C i = {s, x 1 , x 2 }. Hence, the following result. Lemma 4. Let C i ∈ C(S n ) and f be a well-covered weighting of S n . Then, f is constant on C i . Now, N ∪ M 1 and N ∪ M 2 are MIS s of S n , as well. Then, f (y 2 ) = f (y 1 ) + f (y 3 ) and by Lemma 3, f (y 2 ) = 2f (y 2 ), implying that f (y 2 ) = 0. Since y 2 ∈ V (S n ) − 3 i=1 C i and f is constant on V (S n ) − 3 i=1 C i , we get yet another lemma. Lemma 5. Let f be a well-covered weighting of S n . Then, f (v) = 0 for all v ∈ V (S n ) − 3 i=1 C i . Thus, any well-covered weighting of S n assigns zero to all vertices not in a simplicial clique of S n and a distinct non-zero scalar to each simplicial clique of S n . Since S n has three simplicial cliques, any well-covered weighting of S n is a linear combination of at most three linearly independent weightings. Hence, the following corollary.
Corollary 3. Let n ∈ N ≥3 . Then, wcdim(S n ) ≤ 3.
In this way, we obtain our main theorem for this final section, whose proof follows at once from Corollary 3, and from recalling that wcdim(S 2 ) = 3 and that wcdim(S n ) ≥ 3, for any n ∈ N ≥3 . Theorem 7. Let n ∈ N ≥2 . Then, wcdim(S n ) = 3.
Conclusion and open questions
There is a class of graphs, all of whose members have well-covered dimension the simplicial clique number, that contains all chordal graphs, all SCCGs, and infinitely many other graphs. The latter graphs are SCS s of a chordal graph and a SCCG, and they generalize Brown and Nowakowski's theorem on the well-covered dimension of chordal graphs [2] . Furthermore, there exists an infinite family of graphs, the Sierpinski gasket graphs, that is not part of the SCS class, all of whose members have well-covered dimension 3, the simplicial clique number.
The following are open questions in the well-covered dimension theory of graphs, addressed from the perspective our work affords.
(1) What exactly does the well-covered dimension of a graph tell us about a graph? (2) How exactly are clique partitions and coverings, and the well-covered dimension of a graph related? (3) Find a non-trivial upper bound for the well-covered dimension of any graph; that is, an upper bound other than the order of a graph. (4) Classify all graphs according to their well-covered dimension. Suggestion: start by finding the largest possible class of graphs to which our results apply.
